GORESKY-MACPHERSON CALCULUS 
FOR THE AFFINE FLAG VARIETIES 
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Abstract. We use the fixed point arrangement technique developed by Goresky- 
MacPherson in [5] to calculate the part of the equivariant cohomology of the 
affine flag varieties generated by degree 2. This turns out to be a quadric cone. 
We also describe the spectrum of the full equivariant cohomology ring as an 
explicit geometric object. We use our results to show that the vertices of the 
moment map images of the affine flag varieties lie on a paraboloid. 



1. Introduction 

1.1. Goresky-MacPherson calculus. In their paper [5], Goresky and MacPhcr- 
son consider a complex algebraic torus T acting on a complex projective variety X. 
Let Hj-(X) be the part of the equivariant cohomology Hj.(X) generated by degree 
and degree 2. The affine scheme Spec H^(X) is naturally a closed subscheme of 
H$(X). If T acts with finitely many fixed points and X is equivariantly formal (see 

section 1.2), Goresky and MacPherson show that Spec H^(X) is reduced and 
consists of an arrangement of linear subspaces V x C .ffJ(X), one for each fixed point 
x. Here V x is the image of the natural map induced by the inclusion i x : {x} e — > X: 

(1.1.1) fi x = i x> . : H£({x}) £ t -> H^(X) 

where t is the Lie algebra of T. We call V — V(T rv X) the fixed point arrangement 
of the action T on X . 

1.2. Main results. In this note we extend this result to certain ind-schemes X. 
In examples such as the affine flag varieties, ffJ(X) is still finite dimensional but 
there are infinitely many (still discrete) fixed points. The fixed point arrangement 
V C ffJ(X) still makes sense in this situation. In theorem 12.21 we show that the 
subscheme Spec H^,(X) of H^(X) is the Zariski closure of V. We then calculate 
explicitly the fixed point arrangement of the T-action on Tic- Here T, the aug- 
mented torus, is the product of a maximal torus T of G and the loop-rotation torus 
G™*. We show in theorem ETUl that SjpecH~(F£ G ) is a quadric cone in H%{F£ G ) 
cut out by the one-dimensional kernel of the cup-product 

(1.2.1) U : Sym 2 (ff|(^ G )) - H^TIg). 

In proposition 15. 7i we describe H^^TIq) in more intrinsic terms using Kac- 
Moody algebras. We show that, in analogy with the finite flag varieties, the fixed 
point arrangement are essentially the union of graphs of affine Weyl group action 
on the affine Cartan algebra. 
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1.3. Other results and applications. We will also describe the full equivariant 
cohomology ring H~(J-£g). It is convenient to view this equivariant cohomology as 
the <G™*-equivariant cohomology of the stack [I\G(F) / 1}. The convolution struc- 
ture realizes Spec ^G r<,t ([/\G(F)//1) as a g rou P°id over A 1 x t. We will show in 
theorem 14.31 that there is a natural isomorphism of groupoids over A 1 x t: 

Specff£™ t ([I\G(F)/I]) <* N(t x c t, t x t) 

where N(t x c t, t x t) is the total space of the deformation to the normal cone of 
the fiber product t x c t inside the (absolute) product t x t, which carries a natural 
groupoid structure over A 1 x t. 

One application is to prove the folklore theorem (corollary 17. 7p saying that the 
moment map image of the T- fixed points of TIq lie on a paraboloid in tj£. A similar 
statement for the affine Grassmannian was proved by Atiyah and Pressley, see [T] . 

The results here have some overlaps with the results of Kostant-Kumar in [7]. 
However, we approach the problem from a different perspective. 

1.4. Notations and conventions. Throughout this note, all (ind-)schemes are 
over C. All (co)homologies are taken with C-cocfficients unless otherwise specified 
(although most results are true for Q-coefficients). 

For an algebraic torus T, we denote its character lattice by X'(T) and cochar- 
acter lattice by X, (T) . 

For a graded algebra H * , H* denotes the subalgebra of H* generated by degree 
and 2. 

For an algebraic group G, MG denotes the classifying stack of G and EG denotes 
the universal G-torsor over MG. 

1.5. Acknowledgment. This work owes a great deal to Bob MacPherson. The 
very idea of considering the Zariski closure of the fixed point arrangement in the 
case of infinitely many fixed points is due to him. The author is grateful to Mark 
Goresky for extremely helpful suggestions on the presentation of the note. The 
author also thanks Roman Bezrukavnikov, David Treumann and Xinwen Zhu for 
stimulating discussions. 

2. Equivariant cohomology of ind-schemes 

2.1. Assumptions on the space and the action. Let X = [j X n be a strict ind- 
projective scheme, i.e., each t n : X n — > X n+ \ is a closed embedding of projective 
schemes. Let T be a torus acting algebraically on X. We make the following 
assumptions: 

(1) Assume each X n is stable under T and T-equivariantly formal; 

(2) Assume each X n has only finitely many fixed points; 

(3) Assume that ^(A) is finite dimensional. 

Following the idea of R. MacPherson, we extend (part of) the main theorem of 
5J to the ind-scheme case. 

2.2. Theorem. Suppose the T-action on a connected ind- projective scheme X sat- 
isfies the assumptions in section [2A\ Then Specif (A) is the Zariski closure of the 
fixed point arrangement V inside the affine space HjiX) with the reduced scheme 
structure. 
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Proof. Let i n : X n — > X be the inclusion map. For each n consider the natural 
commutative diagram 

H^X)J^® xexT H* T {{x}) 

i* 

H* T (X n ) ® xeX r H*({x}) 

Here the arrows are the obvious restriction maps. By assumption (1) of section [23] 
X n is equivariantly formal so we can apply the localization theorem (see j3], Theorem 
1.2.2) to conclude that p* is injective. This implies that p* is also injective. In fact, 
for any class c £ H^(X), if p*(c) = 0, then for alln large enough, p^(i^c) = 0, hence 
i*(c) = 0. This implies c = 0. In particular, H^,(X), hence H^(X), are reduced. 
Now we have a surjection followed by an injection: 

(2.2.1) Sym(if|(X)) -» H*(X) C ® xexT H*({x}). 

Taking the spectra of each term of (|2.2.1[) , we get 

Y[ Specff£(X) ^ H?{X). 

where the first arrow is dominant and the second arrow is a closed embedding. This 
shows that the support of Specff^(X) in ffJ(X) is the Zariski closure of V . □ 



3. The fixed point arrangement of affine flag varieties 

3.1. Notations concerning the group G. Let G be a simple and simply-connected 
group over C. Let r be the rank of G. Let F — C((z)) and O = C[[z]]. Choose a 
maximal torus T and a Borel subgroup B containing T. Let / C G(O) be the Iwa- 
hori subgroup corresponding to B. The affine Grassmannian is Qtq = G(F)/G(0). 
The affine flag variety is TIq = G(F)/I. These arc ind-schemes over C and we 
have a natural projection 

(3.1.1) p G ■ Tl G -» Qr G 

whose fiber over the base point of Qtq is identified with the finite flag variety 
ft-G — G/B. Basic facts about affine flag varieties and affine Grassmannian can be 
found in [4], section 5 and 14. 

Let N G (T) be the normalizer of T in G and W = N G (T)/T be the Weyl group. 
Let $ be the root system determined by (G,T,B). Let 8 € 4> be the highest root. 
Fix a Killing form (— |— ) on t* such that (0\9) = 2. It induces an isomorphism 

(3.1.2) a-.i^l* 

such that (C\ a (0) = (^*j0 f° r all ^ G t and ^* G t*. In particular, let 6 denote the 
coroot corresponding to 8, we have a(8) = 8. Via a, we also have a Killing form 
(— |— ) on t. We use | — | 2 to denote the quadratic forms on t* or t associated to the 
Killing forms. 



4 



ZHIWEI YUN 



3.2. Notations concerning the affine Kac-Moody algebra. Consider the affinc 
Kac-Moody algebra L(g) associated to g. We will follow the notations of j6j (chap- 
ter 6) which we briefly recall here. The affine Cartan algebra f) and its dual f)* have 
decompositions 

(3.2.1) f) = c<ieteOf,f)* = o©t*eCAo 

where K is the canonical central element, d the scaling element and 8 the positive 
generator of the imaginary roots. The pairing between them extends the natural 
pairing between t and t* and satisfies 

(Cd © CK, t*) = 0, (t, C6 © CA ) = 0, 

(d, A ) = {K, 8) = 0, (d, S) = (K, A ) = 1. 
We extend the Killing form (— |— ) to t) and t}* by: 

(K\t® CK) = 0, (d|t © Cd) = 0, (K\d) = 1 
(<5|t* © CS) = 0, (A |t* © CA ) = 0, (5|Ao) = 1. 
Let $ be the affine root system of L(g) with simple roots {«o = 8 — 6, a\, ■ ■ ■ , a r } 
and simple coroots {do = K — 8, cti, • • • , a r }. Let W = X,(T) X W be the affinc 
Weyl group associated to L(q) with simple reflections {sq, ■ ■ ■ ,s r } corresponding 
to the simple roots of $. Let I be the length function on W with respect to these 
simple reflections. 

The group W acts on () via the formula 

(3.2.2) w(u,£,v) = (u,w£ + u\,v - (w£\\) - t;\M 2 ) ■ 

where (u,£,v) are the coordinate in terms of the decomposition (|3.2.ip and w = 
(\,w) G W. 

3.3. The torus action on TIq- The torus T acts on T£q by left translations. 
The one-dimensional torus G m acts on O by dilation s : z t— > sz, s G G m . This 
induces an action of G m on Hg, which is the so-called loop rotation. The rotation 
torus is denoted G™*. Let T — G™* x T be the augmented torus. We are mainly 
interested in the T-action on TIq. 

Let t be the Lie algebra of T. We have an identification 

(3.3.1) t£* Cd®t= l)/CK 

such that d corresponds to the positive generator of A.(G™*). This induces an 
identification of dual spaces 

(3.3.2) t* CS © t* C fj* 
such that 8 corresponds to the dual of d. 

3.4. The VF-symmetry and fixed points. For each A G X,(T), let z~ x be the 

image of z under —A : G m (F) — * T(F). The assignment 

(3.4.1) X^z- X 

identifies X,(T) as a subgroup of T(F). We put a minus sign here in order to make 
some formulas appear nicer in the sequel. Let N be the product X»(T) x Nq(T) C 
G(F). Clearly, N acts on TIg by left translation. We have a natural exact sequence 

1 ->T ^ N ^ 1. 
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3.5. Lemma. The induced action of N on HJ"(T(g) factors through W. The 
natural exact sequence 



(3.5.1) 



0^H 2 (T£ G ) ^Hj(T£ G ) 



t 







is W-equivariant. Here the action of W on Hi(T£g) is trivial, and the action on 
t is induced from the action described by \3.2.2\) . 

Proof. The action of N on TIg come from the action of the connected group ind- 
scheme G(F), hence by the homotopy invariance of homology, the action of N on 
the ordinary homology of H*(T£g) is trivial. This verifies the equivariance of the 
first arrow in (|3.5.ip . 

For (s, t) G G™' xT = f, (A, n) G X.(T) x N G {T) = N and x G T£ G , we have 

(A, n) ■ (s, t) ■ x = z~ x nts(x) 

= ntn^ 1 z~ x ns(x) 

— ntn~ 1 s x s(z~ x nx) 

= (ntn^ 1 , s A ) • (A, n) ■ x. 

In particular the action of the neutral component T of N commutes with the action 
of T. By homotopy invariance, it acts trivially on HJ(FIq). Therefore the action 
of N factors through W . 

The above calculation, passed on to homology, verifies that the projection 7rj in 
(|3.5.1|) is equi variant. □ 



Remark. It is our choice of the minus sign in (|3.4.1|) that makes 7Ti equivariant. 

3.6. The fixed points. Let J-^q be the T-fixed point subset of TIg- Note that 
it coincides with the T-fixed points. The group N acts on T(q. This action 
factors through W such that T(q becomes a VF-torsor. We denote the base point 
of TIg corresponding to I by xq. By our convention (|3.4.1j) . if w — (X,w), then 
w ■ xq = z~ x u w xq for any lift n w G Nq(T) of w. 

3.7. Corollary. For w G W, we have 



(3.7.1) 

and 

(3.7.2) 



Vw-xa =WOfi Xo ow 



w ■ V x , 



Proof. By lemma 13.51 we have a commutative diagram 



1 = ^(^0}) 



t=Hj({w-x Q }) 



HT(T£ G ) 



t 



Here the left vertical map w* is induced by the restriction of the map w : TIg 
T£g to the base point xq. The compositions of the arrows in both top and bot- 
tom rows are identities. This proves (|3.7.1[) . The other formula (|3.7.2[) follows 
immediately. □ 
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3.8. Description of H2 (Tie)- The affine flag variety TIg has a stratification by I- 
orbits. Each /-orbit contains a unique fixed point w-xo and has dimension t(w) ([4], 
section 14). Therefore the one-dimensional orbits are in one-one correspondence 
with simple reflections in W. Let Cj be the closure of Isi ■ x . For all large enough 
/-orbit closures Iw ■ Xq, {[Co], • • • , [C r ]} form a basis of H%{Iw ■ xq,"L). Therefore 
we have a unique isomorphism 

(3.8.1) : X.(T)®ZK = Span z {d ,--- , d r } ^ H 2 (T£ G , Z) 

sending dj to the cycle class [Cj]. 

To state the next theorem, we need to define a VF-action on Cd © t © t © CK by 

(3.8.2) fi>.(u,$ )J7s «)= (u,< + uA,?7,«+«|A) + ^|A| 2 ) 

for (u, f , ry, u) G Cd © i © t © CK and w = (A, to) G W\ 

3.9. Theorem. 

(1) There is a unique W -equivariant isomorphism 

(3.9.1) V* : Cdffit©tffiCA' H^{T£ G ) 
such that: 

(3.9.2) /ix o (u,O = ^*(«^»f>0) 
and the following diagram 

134 _ , , , „ - , P12 



(3.9.3) 0- 



0- 



ti 



Of - 



t © t © CK ■ 

TP, 



■ Cd © t ■ 



ff 2 T (^ G ) 











is an isomorphism of exact sequences. Here 134 means the inclusion of the 
last two factors and pn means the projection to the first two factor. The 
bottom sequence is H3.5.1]) . 
(2) For w — (A, w) € W , we have 

(3.9.4) W5.x («,0 = ^* {u^,w- x {i - uX), K|A) - ||A| 2 ) . 

Because the proof of the theorem involves some tedious calculation, we postpone 
it to section [6] 

With explicit knowledge about the fixed point arrangement, we are ready to 
apply theorem 12.21 



3.10. Lemma. The T -action on TIg satisfies the assumptions in section \2.1\ 

Proof. The closure of each /-orbit of TIg is a projective variety stable under T- 
action. Since each /-orbit is an affine space, its cohomology vanishes at odd degrees. 
Therefore each orbit closure is equivariantly formal. This verifies the assumption 
(!)•_ 

Since each /-orbit contains a unique T-fixed point, and each /-orbit closure 
consists of finitely many /-orbits, therefore each /-orbit closure contains only finitely 
many T-fixed points. This verifies assumption (2). 

The verification of (3) is done in section [3T81 □ 
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3.11. Theorem. Under the isomorphism ip*, 

SpecH~(F£ G ) c El{Tl G ) ^AjxtxtxAjf 
is the nondegenerate quadric cone Q given by the equation 

(3.H.1) g(«, - ICI 2 -\v\ 2 - tuv = o. 

Here (u, £, ?y, v) are the coordinates for A\ x t x t x A^ . 

Proof. Using the explicit formula ()3.9.4|1 . one easily checks that the image Vfij. Xo of 
any jiw. Xo lies on the quadric cone Q. According to theorem 12.21 we have to check 
that the fixed point arrangement V = U Vw -x Q is dense in Q. The projection 
to the first three factors 

(3.11.2) ttq = (7ro,7ri,7r 2 ) : Q -> G m x t x t 

is birational. Therefore it suffices to check that ir(V) is dense in G m x t x t. 

On the other hand, by theorem (|3.9.4p . ir(V) contains points of the form (u, f , w^ 1 ^— 
uX)) for all £ € t, A € X,(T) and h/0. For fixed £,u, taking w = 1, the set 
{£, — uX\X £ X,(T)}, being a shifted lattice in t, is clearly Zariski dense in t. There- 
fore 7r(V) is Zariski dense in G m x t x t. This proves the theorem. □ 

4. The equivariant cohomology of affine flag varieties 

4.1. Further notations. Recall that 

(4.1.1) H*(BG)SSym(t*) wr SC[/ 1 ,--.,/ r ] 

where deg(/j) = 2di + 2 and di, ■ ■ ■ ,d r are the exponents of g. We normalize 
fx to be the Killing quadratic form | — | 2 we chose before. We have a natural 
identification Spec if* (BT) = t and Spec H* (BG) = c, where c is by definition the 
invariant quotient t/ /W. 

The group G(0) naturally acts on the affine Grassmannian Qr G by left transla- 
tion and G™ 4 acts on Qr G by loop rotation. The equivariant cohomology Hq^^^,^ (Qrc) 
can be viewed as the G™*-equivariant cohomology of the stack [G(0)\G(F)/G(0)]. 
We will use the following theorem of Bezrukavnikov-Finkelberg. 

4.2. Theorem ([2], theorem 1). 

(1) We have a natural isomorphism 

(4.2.1) Spec H^ t ([G(0)\G(F)/G(0)}) £* N(A(c), c x c) 

where iV(A(c),cxc) is the total space of the deformation to the normal 
cone of the diagonal copy of c inside c x c. 

(2) Under the isomorphism the natural projection iV(A(c), c x c) — > 
A 1 x c x c corresponds to the natural morphism 

(4.2.2) irg r = (rro,^, tt 2 ) : Spec fl£„« {[G{0)\G(F)/G(0)}) - A 1 x c x c 

Here ttq is given by the G™ -action, ~k\ and TT2 are the left and right G(0)- 
quotient structures. 

Now back to affine flag varieties. Note that the T-equivariant cohomology and 
the /-equivariant cohomology of Tic are the same because ker(I — > T) is a pro- 
unipotent algebraic group. Using stack notations, we have 

H* f (T£ G )^H^ ot ([I\G(F)/I]). 
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Parallel to the affine Grassmannian case, we have 

4.3. Theorem. 

(1) We have a natural isomorphism 

(4.3.1) Spec H^ t ([I\G(F)/ 1]) £ N(t x c t,t x t) 

where N(t X c t, t X t) is the total space of the deformation to the normal 
cone of the fiber product t x c t inside t x t. 

(2) Under the isomorphism \4-3. the natural projection N(i X c t, t X t) — » 
A 1 x t x t corresponds to the natural morphism 

(4.3.2) „ rt = (7r ,7ri,7r 2 ) : Spec ( [I\G(F)/I] ) -f A 1 x t x t. 

-ffere ttq is given by the G™' -action, tt± and 7r 2 are given by the left and 
right I-quotient structures. 

Proof. We have a natural ring homomorphism 

e : H*(MT)^ H , (mG) H^ t ([G(0)\G(F)/G(0)})® H , {MG) H*(MT) ff^([I\G(J?)/i]) 

It suffices to show that e is an isomorphism. In fact, if it is an isomorphism, after 
taking spectra, we have 

Spec H^ t ([I\G(F)/ 1}) = t x c Spec H^ t ([G(0)\G(F)/G(0)}) x c t. 

By theorem 14.21 the term on the right is 

t x c AT(A(c),c x c) x c N(t x c t,t x t). 

Assertion (2) is clear from construction. 

In order to show that e is an isomorphism, we decompose it into the composite 
of several ring homomorphisms: 

H* (BT) ® H .(BG) H^ t ([G(0)\G(F)/G(0)}) <g> H . (BG) fT(BT) 

= JT(BT) ® ff . (BG ) flflKGr-^G) ®i?*(BG) H*(MT) 

ei ^ id tf|(Sr G )® ff . (BG) if*(BT) 
= ff£„«([AG(f ® H .(BG) i? * (BT) 

= H^ t ([/\G(F)]) G(0) ® H , (BG) iT(BT) 

3 ^ t ([AG(F)])T 

= ^ t ([/\G(F)//]). 

where 

(4.3.3) £l : H*(MT) ®„» ( bg) H^g^^g) - ff~(£r G ) 
and 

(4.3.4) e 2 : ([I\G(F)]) G{0) ® ff « (BG) ff*(BT) -> ([J\G(F)]) T 

are natural ring homomorphisms. Sometimes we write a group as the right subscript 
of the cohomology of some space to emphasize that it acts on the space from the 
right. 

We only need to show that t\ and e 2 are isomorphisms. Notice that the affine 
Grassmannian Qr G is equivariantly formal under either T-action or G x <G™*-action. 
This can be seen by a similar argument using the /-orbits as in the proof of lemma 
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13.101 Now, each side of (|4.3.3j) is equipped with a filtration by the Leray-Serre spec- 
tral sequences and ei respects these nitrations. Moreover, on the level of the associ- 
ated graded rings, both sides are canonically identified with H*(MT) ® H*(Qr G ) by 
equivariant formality of Qr G . In other words, gr(t\) is an isomorphism. Therefore, 
ei is also an isomorphism. 

The argument for £2 is the same. This completes the proof. □ 

Remark. The component tti of njrg coincides with the map with the same name 
defined in lemma 13.51 We will see in the next section (proposition 15. ip that ir?-i 
coincides with the map ttq defined in (|3.11.2p . 

By the definition of the deformation to the normal cone (see, for example, [5] , 
section 2.3), we have the following explicit description: 

4.4. Proposition. The equivariant cohomology ring H~(J-£c) is a graded <C-algebra 
generated by u, £ = (£1, • • • , f] = (771 , • • • , rj r ) and v ~ (v\, ■ • ■ , v r ) subject to the 
relations 

fi(£) ~ fi(v) = uVi,Vi = 1, • • • ,r. 

Here deg(£j) = deg(?7i) = deg(u) = 2,deg(i>;) = 2d;. The fi's are fundamental 
W -invariants in Sym(t*) as in \4. 1.1]) . In terms of these coordinates, the natural 
morphism 7Tjf£ in has the form 

Specializing the above results to the linear subspace u = 0, we get the analogous 
results for the T-equivariant cohomology of TIq. 

4.5. Corollary. 

(1) We have a natural isomorphism 

SpecH^T£ G ) = NC iXci/ixi 

where NC tXct / ixi is the normal cone oft x c t in t x t. 

(2) In terms of coordinates introduced in proposition ]^.^] we have 

H* T (T£ G ) = C%n,v\KSi (0 - fi ('?) , i = 1, ■ ■ • , r). 
Further specializing to £ = 0, we get the ordinary cohomology of J-Iq- 

4.6. Corollary. 

H*{Tl G ) =C[r ] ,v]/(f i ( V ),i= l,--- ,r) ^ H*(fl G ) ® H*(Gr G ). 

Remark. The above isomorphism can also be deduced from the degeneracy of the 
Leray spectral sequence associated to the fibration p G : Tl G — > Qr G at i?2-tcrm. 

5. Comparison of two descriptions and more symmetries on H~,(Tt G ) 

In this section, we first compare the two descriptions of the equivariant coho- 
mology ring of Ti G given by theorem 13 . 1 1 1 and theorem 14.31 We then explore more 
symmetries of Tt G to restate theorem l3.9l in a more intrinsic way. In section [5751 we 
will study the fixed point arrangement from the perspective of classical geometry 
of quadrics . 
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5.1. Proposition. Under the isomorphisms in theorem \3.11\ and theorem \4-.3\ the 
natural projection 

n : AT(tx c t,t X t) S SpecH^(T£ G ) -» SpecHt(F£ G ) S Q 

is given by 

n(M,^,77,w) = (u,^,77,2wi). 

In particular, 

it Ft — ttq ° n. 

Proof. The natural projection II is IU-equivariant and compatible with the left T- 
equivariant structure, therefore the (it, ^-coordinates do not change. We proceed 
to show that the 77-coordinate of theorem 13.91 coincides with the map 7T2 

tt 2 : HI{TIg) - t. 

induced from 7T2 in theorem 14. 3f 2). Since the VF-action comes from the left trans- 
lations on G(F) and 7T2 comes from right translations on G(F), the map 7T2 is 
VK-invariant. In other words, 7r 2 factors through the coinvariants of H^i^Fto) un- 
der the Vy-action. Using theorem I3.9f l). it is easy to see that the coinvariants of 
H^iTlc) under the W-action are Cd © i n . Therefore, tt2 has the form 

(5.1.1) 7T 2 = 7T 2 O («, I,) : Rl{Tl G ) ^ Cd© t ^ t 

On the other hand, the restriction of 7Tj^ = (7To, 7Ti, 772) to the subspace V Xo = fJ- Xo {t) 

nrt o fi X0 : t = H 2 f ( W) = i? 2 G ™ t (PWH) -> Cd © t -> C © t © t 
has the form 

KTt (m» ("")£)) = (u,£,-,0- 
by direct computation. Plugging this into (|5.1.ip we get 

£ = 7T2 (fe„(u,0) = 7T2(u,£,£,0) = 7r 2 (u,0 

which shows that 7r2 = 77. Finally the ^-coordinate is determined by (u, £, 77) by 
theorem 13. Ill This completes the proof. □ 

Remark. In fact, the quadric Q can be viewed as N(Q±,i x t), where Q\ is the 
quadric in t x t defined by |£| 2 = I77I 2 . The above map becomes the natural map 

N(t x c t,t x t) -> N(Qi,tx t) 

induced by the inclusion t x c t Qi. 

5.2. The convolution and comultiplication. We have a convolution diagram 
for [I\G(F)/I] as follows: 

(5.2.1) 

[I\G(F) x G(F)/I] *- [AG(F)/7] 

[I\G(F)/I] [I\G(F)/I] 

where m is induced by the multiplication of G. The rotation torus G™* acts on 
this diagram. This induces a comultiplication on H^ TOt ([I\G(F) / 1]) 

(5.2.2) A : H^ t ([I\G(F)/I]) - H^ ot ([I\G(F)/I]) ® H „ mf) H^ ot ([I\G(F)/I}) 
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where tensor product on the right hand uses the right H* (BT)-modulc structure of 
the first term and the left H * (BT)-module structure of the second term. 

Taking spectra of the G™*-equivariant cohomology of each term in the diagram 
(pT2~Tj) . we get 

(5.2.3) N((t/ c) 3 , t 3 ) N((t/ c) 2 , t 2 ) 

P12 ^\P23 

^V((t/c) 2 ,t 2 ) 7V((t/ c) 2 ,t 2 ) 

where (X/Y) n means the n th self-fiber product of X over Y . 
With these structures, it is easy to show 

5.3. Proposition. 

(1) The affine scheme 

Spec H^rot ([I\G(F)/I]) S 7V((t/c) 2 ,t 2 ) 

admits a unique groupoid structure over A 1 x t with source map (710, 7Ti), 
target map (71-0,^2) (in the notation of H4.3.2]) ) and multiplication map in- 
duced by A in 115.2.2]) 

(2) the identity section of the groupoid is given by fx xa . 

(3) the inversion map 1 of the groupoid is given by 

(5.3.1) l(u, £, 77, Vi) = (it, r), £, -Vi). 

5.4. Another involution. The stack [I\G(F)/I] admits an involution r induced 
by g 1— * g^ 1 . It is easy to see that r induces an involution (also denoted by r) on 
H^ t ([I\G(F)/ 1]) by 

(5.4.1) t(u, £, 7?, vi) = (u, -r), -S, (-1)^). 

Note that r differs from 1 in (|5.3.1[) by signs. 

5.5. Affine Weyl group actions. Recall that by lemma |3~51 W acts on H~(!F£g)- 
Let us denote this action by p\ . In terms of coordinates in 14.41 we have for w = 
(X,w) 

(5.5.1) pi(65)(ii,f,?7, Vi) = ( + uA,?7, i>; + -(fi(w£ + uX) - £(£)) 
Using the involution t, we get another action /?2 = <-pit of 14 7 on H~(J-£g) via 

(5.5.2) p 2 (w)(u,£,r],Vi) = (u,£,wri + u\,Vi- -(fi(wr) + v,X)- fi(r))) 

\ u 

These two actions commute with each other. 
Define the group 

(5.5.3) W {2 ) := (W x W) x Z/2 

where Z/2 is the group generated by the involution 1 which acts on W x W by 
switching the two factors. Then we have an W(2)-action on H*~{TIg) whose re- 
striction on the first and second factors of W are pi and pi respectively. 
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Specializing to £ = 0, u = 0, we get a VF-action on H*(T£g) via p2- 
(5.5.4) p 2 (w)(ri,v) = (wi],Vi - d w -± x fi{v)) = ~ 9xfi(wri)) . 

Note that the pi-action on H*(!F£g) is trivial by lemma [3751 

5.6. A more intrinsic description of H^iJ-tc)- Consider the direct sum f) © f) 
of two copies of the affine Cartan algebra t) with quadratic form \x\ 2 — \y\ 2 and 
involution (x, y) i— > (y, x) for (x, y) s f) © f). The actions of VF on the two copies of 
t) and the involution assemble to a W($\- action, which preserves the quadric form 
up to sign. 

The vector (K,K) £ f)± is isotropic and fixed by the VF( 2 )-action. We define 

fj (2) := (AT,iO x /C(*r,iO. 
By construction, f)( 2 ) inherits a quadratic form (— |— ) 2 an d a W(2)-action from those 
of f) © t). For each u> G W, the graph r(w) of w : f) — * f) is a subspace of {K, K) ± . 

5.7. Proposition. 

(1) Up to sign, there is a unique Wnj-equivariant isomorphism of quadratic 
spaces 

(0(2), H-h)^(Hi(T£ G ),q) 

where the Wm -structure on H^ifFt-G) is defined in section [5. 5\ 

(2) Under any such isomorphism, the fixed point subspace V^. Xo corresponding 
to the fixed point w ■ xq is the image of the graph r(u/ _1 ) in (v 2 ) ■ 

Proof. (1) We have a natural decomposition 

(5.7.1) f) (2) =C(d,d)®l®t®C(0,K) 

The sought-for isomorphism is the composition of ip* with the isomorphism 

f) (2 ) = C(d,d) ffitffit©C(0, K) -» CdffitffitffiCAT 

It is easy to check this isomorphism sends (— |— V 2 ) to q and is VT( 2 )-equivariant. 
This shows the existence part. 

For the uniqueness, we only have to show that f)( 2 ) does not have W^-equivariant 
orthogonal automorphisms other than ±1. Let a be such an automorphism. De- 
composing f)( 2 ) into eigenspaces of the involution, we get 

h+ 2) =C(d,d)©A+(t) 

bpj =C(0,A-)©A-(t) 

where A + (t) and A - (t) are the diagonal and anti-diagonal in t©t. These eigenspaces 
t)~Ls and f)7^ must be preserved by a. Moreover, if we look at the W x J-F-action, we 
decide that each copy of t in fw should be preserved by a, and a acts on each copy 
by a scalar (because we assumed that G is simple). These two facts together show 
that a perserves the decomposition of (|5. 7. 1|) and acts on each direct summand by 
a scalar. It is not difficult to see that these scalars have to be the same in order for 
a to be VF( 2 )-equivariant. Since a preserves the quadratic form (— |— ) 2 , the scalar 
has to be ±1. 

(2) follows from (1) and theorem 13.91 □ 
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5.8. Linear subspaces in a quadric cone. By theorem 13.111 the fixed point 
arrangement for Tto consists of maximal isotropic subspace with respect to the 
quadratic form q in (|3.11.1[) . Recall some general facts about such linear subspaces 
in a quadric cone. Let (E, q) be a quadratic space over C. Assume q is nondegen- 
erate and dimi? = 2n. Let Q be the quadric cone in V defined by q = 0. Let E 
be the scheme parametrizing all n-dimensional linear subspaces of E which lie on 
Q. This is a closed subscheme of the Grassmannian Qr{E, n). It is a homogeneous 
space under the orthogonal group 0(E,q). It has two connected components E^ 
(there is no canonical labelling of the two components) which are permuted by the 
two components of 0(E, q). 

Back to our situation. Define Rig(t) = t X 0(t, (— |— )) to be the group of rigid 
affine transformations on t with respect to the Killing form (— |— ). It acts on 
H^{TIg) via a similar formula as Ij3.8.2|) 

(5.8.1) (A, S) ■ (u, & 77, v) = (u, S£ + uX, v , v + (Sr,\X) + ^|A| 2 ) 

where A e t and S € 0(i, (-|-)). Note that W C Rig(i), and the action p x of W 
coincides with the restriction from the Rig(t)-action. 

5.9. Proposition. 

(1) There is a unique dense open subset UofT, which is a Rig(t) -torsor; 

(2) If we call E + the component of 'E containing V Xa , then V^. XQ is contained 
in E + (resp. E _ j if t(w) is even (resp. odd). 

Proof. (1) Consider the affine open subset U' of Qr(H2 (J-Iq), t + 1) consisting of 
(r + l)-dimensional subspaces transversal to © CK. This is a Schubert cell in 
C?r(iJj (J-£q), r + 1) and we have a natural isomorphism 

U' = Hom(Cd © t^, te © CK) 

The group Rig(t) embeds into this Horn-space by 

(A,S)~ ((«,»/) ^ (^ + U A,(^|A) + ^|A| 2 )). 

It is easy to check that the image of the embedding is the Rig(t)-orbit of V XQ € U' , 
and U = (7'n£ coincide with this orbit. Therefore U is a Rig(t)-torsor. 

(2) The group Rig(t) has two components, given by the determinant of the linear 
part. For w — (X,w) £ W, this determinant is (—l) e ( w \ By (1), Rig(t) permutes 
the two components U fl E ± via the determinant(= ±1) of its linear part, and (2) 
is immediate. □ 

6. Proof of theorem 13.91 

This section contains the proof of theorem 13.91 We need a technical lemma. 

6.1. Lemma. For i = 0, • • • , r, there is a (not necessarily unique) T-equivariant 
isomorphism 

sending xq to [0,1] and SiXQ to [1,0]. Here T acts on P 1 via the character —on, 
i.e., 

t ■ [x,y] = [a i (ty 1 x,y],\ft E f. 
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Proof. For any root a, let g a C g be the corresponding root space and X a G g a be 
a nonzero root vector. For i = 1, • • • , r we have 

I Si ■ x Q = exp(g_ ai ). 

From this it is easy to see that T acts on Ci via — a*. Let 7$ be the unique extension 
to Ci of the map 

Is, ■ x = exp(g_ Qi ) ->■ A 1 C P 1 
exp(sX_ Qi ) i-> [s,l]. 

For i = 0, we have 

is • £0 = exp(z _1 fle). 

It is easy to see that T acts on Co via —ao = —5 + 9. Let 70 be the unique extension 
to Co of the map 

Isq ■ x a — exp(z~ 1 Qe) — > A 1 C P 1 
exp(s2~ Xg) 1 ► 

It is easy to verify that these 7^'s satisfy the requirements. □ 
6.2. Proof of Theorem [3H 

Proof. It is clear that the conditions (|3.9.2|) and (|3.9.3f> determines ip* uniquely. 
Moreover, from (|3.8.2[) and lemma [3~5l it is easy to see that all the squares in (|3.9.3|) 
commute. To prove the theorem, we need to show that the 0* thus determined is 
VT-equi variant. We will proceed the proof along with the calculation of the sections 

For each w G W, by lemma f3T5|. the action of w on B 2 {TIg) has the form: 

(6.2.1) w ■ (u,£,r], v) = ?p* (u,w£ + u\,rj, v) + ip*(0, 0, Bs;(u,£)) 

for some linear map Bq, : Cc?©t — ■> t®CK. The fact that B^ comes from an action 
implies that the assignment w <— > B^ satisfies the cocycle condition 

Bi5iw 2 = B iSl ow 2 + Bti 2 ,\twi,W2 G W. 

In fact, this is the cocycle defining the extension (|3.5.1|) of W-modules. 
On the other hand, consider linear maps 

(6.2.2) A s :=MS-*o ~ M*o : t-> flaG^fe)- 
By lemma l3~7l it is easy to check that 

(6.2.3) ^{Aa) = B s o w" 1 + w" 1 ^ - uX) - 

A direct calculation shows that the assignment w >— ► Ag; also satisfies a similar 
cocycle condition 

= A^ 2 o w~ 1 + A Sl ,\/wuW2 G W. 

We can calculate A Si explicitly. According to lemma [67TI we have a commutative 
diagram: 

H 2 {T£ G ) 




GORESKY-MACPHERSON CALCULUS 



FOR THE AFFINE FLAG VARIETIES 15 



Here, /iq and fioo are the sections as in (jl.l.lj corresponding to the fixed points 
= [0, 1] and oo = [1,0] of the following G m -action on P 1 : 

s ■ [x,y] = [sx,y],Vs £ <G m , [x,y] G P 1 . 

Standard calculation shows that (//oo — Mo)(l) = [P 1 ]- Therefore, using the coordi- 
nates in the decomposition ([3.2.1)1 . we conclude that 

A ai (u,t) = ((u,t),-a i )[C i ],Vi = 0,>--,r. 

or equivalently 

0*,c ° A ai (u,g) = ((u,g), -ai)di = Si(u,£) - (u,£),Vi = 0, • • • , r. 

Because {.A^} is a cocycle, it is unique once {A So , ■ " ' j A Sr } are determined. There- 
fore it is not difficult to check that 

(6.2.4) ic"4(«,() = r'^f) - (t»,0,V«; G W. 

Hence by flttSfr 

tti o MS-xo («) =£ + Ag(u,£) = u> _1 (ttci + £) -ud 

By ([3~2~2"[l . this is exactly - (CI A) - ||A| 2 ). This proves the second 

statement of the theorem. 

Plugging (|6.2.4p into (|6.2.3p . we get 

B*(u,0 = (K|A) + ||A| 2 )K 

Comparing with (|3.8.2|) . we conclude that is IF-equivariant. This completes the 
proof of the theorem. □ 

7. Application to moment maps 

In this section, we will use our result on the fixed point arrangement of TIq to 
study moment maps of TIq under the T-action. First we need to recall a general 
procedure to recover the moment map image of fixed points from the fixed point 
arrangement. For this purpose, we will work with a torus T acting on a projective 
scheme X with finitely many fixed points. As we are talking about moment maps, 
we restrict the action to the compact form Tr of T. Let 1r be the Lie algebra of Tr. 

7.1. The universal moment map. For each fixed point x G X T , we have the 
restriction maps 

(7.1.1) i* x :H*(X,R)^HU{x},M)=*k 

which is dual to the real form the section fj, x in ([1.1. 1|) . The collection of i* for all 
x G X T gives a map: 

(7.1.2) Tlx ■ X T x H%(X, M) -> t£ 

which we call the universal moment map. The name is justified as we will see in 
17.31 that the effect of all moment maps on the fixed points can be read from the 
map Tlx- 
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7.2. Standard moment maps. Let E be a C-vector space and F(E*) be the 
projective space parametrizing lines in E. Suppose a torus T acts on E linearly, 
we get a canonical T-action on F(E*) and an T-equivariant structure on 0p/ E *)(l). 
If we choose the (properly normalized) Fubini-Study form ups on P(T*), we can 
arrange the moment map 

(7.2.1) m st :V(E*) - t| 

in such a way that for any character \ G X'(T) and any %-eigenline £ C E, we 
have m s j([£]) = \- The map m s t is called the standard moment map associated to 
the T-equivariant structure on 0p(E»)(l). 

Let Pic T (X) denote the isomorphism classes of T-equivariant line bundles on X . 
If C € Pic T (X) defines a T-equivariant projective morphism / : X — > P(|£|) = P n , 
then Opn(l) carries a unique T-equivariant structure. The standard moment map 
on P™, pulled back to X, gives a moment map 

(7.2.2) m £ :Xif"^ $ 

This map is the same as the moment map defined by the Kahler form f*u>FS- 

7.3. Proposition. For C G Pic T (X) as above, we have 
(7.3.1) <Hx(z,cf(£)) = m £ (z) 

/or a/Z a; G X T . _ffere : Pic T (X) — > H^,(X) is the equivariant Chern class. 
Proof. We have a commutative diagram 

f r 

(P") T x ff|(P n ,R)^^t^ 

Hence for each i e I T , we have 

OTx (ar.cfOC)) =SCTp» (/(i), cf(Or«(l))) . 

In view of the definition (17X2"|) of m £ , it suffices to prove (ITXTj) for X = P" = 
P(£'*) and C = 0p(.E*)(l)- Now each fixed point x corresponds to an eigenline 
I C E on which T acts via some character \ G X'(T). Consider the Cartesian 
diagram 

ET x (£ — {0}) " ET x (E — {0}) 

p 

ET x ({x}) ^^ET x F(E*) 

where p realizes the total space of the line bundle CWe*)(— 1). From this we see 

T 

that is the line bundle O(x) on IT with total space ET x C(-x). 

Therefore we have 

9Jl P(E .) (x, C T(0 P(E , ) (l)))=c'[(0(x))=X = m st (x). 

This completes the proof of the proposition. □ 
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Remark. The above discussion gives the procedure to pass from the fixed point 
arrangement to the moment map images of fixed points. Although we restricted 
ourselves to projective schemes, the procedure also works for ind-projective schemes 
once the line bundle defines an ind-projective morphism. 

7.4. Line bundles on TIg- For each weight \ £ X'(T), we have a line bundle 

C x = G(F) x C(— x). Here C(— x) is the one-dimensional representation of I 
through the quotient I -» B -» T. Moreover, we have the determinant bundle £dct 
which is the pull-back of the ample generator £det,gr of Pic(£/rc) (see [5]). 
We have a natural degree pairing 

(7.4.1) (-, -) : Pic(JF£ G ) x H 2 (Fia, Z) -> Z 

which sends (£, [C]) to deg(£| [C ]) = (ci(£), [G]). 

7.5. Lemma. PFe have an isomorphism 

(7.5.1) 0* : X'{T) 8 ZA Pic(^ G ) 

which sends \ G X*(T) io £ x and Ao io £det- Moreover, the isomorphism <\>* in 

(3.8.1) ) and <fi* are compatible with the natural pairing between t) and t)* and the 
degree pairing (7.4-l\ ), i.e., 

(7.5.2) {C,[C\) = {P'-\C),<t>-\[C])). 

Proof. It suffices to check ()7.5.2j) . because then <f>* is uniquely determined as the 
dual of 0*. For i = 1, • • • , r there is a homomorphism 

H : SL(2) G c G(F) 

such that the induced map on Lie algebras sends the standard basis {e, /, h} of 
sl(2) to {X ai ,X^ ai ,di}. Here for a root a, X a is some nonzero vector in the root 
space g a (c.f. the proof of |6. 1|) . This induces an isomorphism 

t* :£ X -SL(2) x C((- X ,di)) 

which has degree (x, <5i) viewed as a line bundle on P 1 = SL(2)/B A G* (-B is the 
Borel of SL(2) containing exp(e)). 
For i = 0, we have a homomorphism 

to : SL(2) -» G(F) 

such that the induced map on Lie algebras sends {e, /, h} to z" 1 ^, —0}. 

This induces an isomorphism 

which has degree —(x, 0) — (x, do) viewed as a line bundle on P 1 = SL(2)/B ^ G . 
Finally, for £dot, we have by adjunction 

(£det, [Ci]) = {Cdct,Gr,PG,*[Ci]) = Sifi = (Ao,dj) 

because PG,*[Ci] — for i — I,--- ,r and pc,*[Co} generates H 2 (Qr,Z). This 
completes the proof of (|7.5.2[) . hence the lemma. □ 
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We are now ready to write down the images of T(q under the moment map mc 
associated to a line bundle C = C x <g> £f e *. We nave an isomorphism 

(7.5.3) ip* : CS 1* e t* ® CA S if|(JT£ G ) 

dual to i/'* m (|3-9-ip . We can hx the T-equivariant structure of C by requiring 

(7.5.4) m c (x ) = (0, X ) 6^®^^, 

Different choices of equivariant structures on £ only result in a translation of the 
moment map image. 

7.6. Proposition. In terms of the decomposition (3.3.ty) . for w = (A, w) G W, </ie 
image of w ■ xo under the moment map mc is 

(7.6.1) m c {w-x Q ) = (-(wx,X) - ||A| 2 ,wx + k(t(A)^ 

where a : t t* is as m iS.1.2\) . 

Proof. Since C = C X ® Cf£, by[73J we have 

cf (£) = (-,-,X.«) 

in terms of the coordinates given by the decomposition (|T.5.3|) . The requirement 
(|7.5.4p shows that the first two coordinate are actually 0. Taking the dual of fiw. Xo 
(as written explicitly in (|3.9.4p ) . we get 

Mre G (w ■ x ,c[ (£)) = 9%^ G (w ■ x , (0,Q,x,k)) 

= (-(tux, A) - ^|A| 2 ,u;x + Ka(A)) 

which gives (|7.6.ip by proposition [7T3] □ 

7.7. Corollary. The image of T£q under the moment map mc lies on the paraboloid 

(7.7.1) {(«*>, mi) G M5©t*|m = -^(M 2 - | x | 2 )}. 

Proof. This can be verified using proposition 1 7 . 61 by direct calculation. □ 
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